lying in D, then a necessary and sufficient condition that/(x, y) be harmonic in D is that at each point (xo, yo) in D, f(x, y) satisfy the equation (2) f(x0, yo) = -f /(x0 + I, y0 + for each circle C(x0, yo; r) in Z?. As with (1), (2) (2) E. F. Beckenbach and Tibor Rado, Subharmonic functions and surfaces of negative curvature, Trans. Amer. Math. Soc. vol. 35 (1933) pp. 662-674. and sufficient condition that f(x, y) be harmonic in D is that for each point (xo, yo) hold for all D{xo, yo', r) in D.
Proof. If f(x, y) is harmonic in D, then (3) follows from (1) and (2). To prove that (3) is a sufficient condition that/(a:, y) be harmonic in D, we consider the circular average ( for each D(x0, yo; r) in P. Therefore f(x, y) is harmonic in D.
If we should assume only that/(x, y) is superficially summable and satisfies (3), then it would not follow that/(x, y) is harmonic; consider, for example, the function which vanishes identically except at the origin, where it assumes the value 1.
0.4. The right-hand members in (1) and (2) are areal and peripheral averages (mean-values), respectively; in each instance the range of integration is circular. The question arises as to the nature of the functions which are defined by relations similar to (1), (2) and (3), in which the geometric figure is square, elliptic, and so on(4).
In this paper we delineate the classes of functions defined by the condition and this vanishes since the sum of the wth roots of unity is zero. The remaining formulas in (4), (5) and (6) can be established in a similar way.
More generally, for «= 1,
(1) £ j^cos ^ 4-J + i sin ^ 4-J J = »5A,"(cos 4> + i sin ^), • where bk,n = 1 if k is an integral multiple of n, and where 5i," = 0 otherwise(6).
1.2. Pn(x0, yo; r; <b), « = 3, shall denote the closed finite region bounded by the regular w-gon pn(x0, yo; r; <p), whose center is at (x0, yo) and whose inscribed circle has radius r;<p denotes the angle from R to N, -ir/n^<p<ir/n, where R is the ray extending horizontally to the right from (xo, yo) and N is the exterior normal at the point where R emerges from the polygon. I Pn(x0, yo; r; <p)\ shall denote the area of Pn(x0, yo;r;<p) and | pn(x0, y0;r;4>)\ shall denote the length of p"(x0, yo; r; <p).
We enumerate the sides of pn(x0, yo;r;4>) in counter-clockwise fashion, So, Sx, • • • , sn-x, where s0 is the side to which N is normal.
(6) J. L. Walsh considered finite averages over the vertices of regular »-gons, obtaining results similar to some of the results obtained in this paper, in his article A mean-value theorem for polynomials and harmonic polynomials, Bull. Amer. Math. Soc. vol. 42 (1936) pp. 923-930. (6) Walsh, loc. cit. p. 924. The side sm of P"(x0, yo; r; 0) can be represented by the polar equation (9) sm: p = r sec {6 -2irm/n), (2m -\)r/n ^ 6 ^ (2m + l)ir/n; (7) In the proof we use only the weaker assumption that the difference of the two members in (8) is (uniformly) ofr4) in D. 
4-p sin J^f 4-~^"J^J fi**> yo)fpdpd\f' + o(r4).
dy,
Applying (4), (5) and (6) " a*"r*"+2 fT/"
•4-tt > . --I sec*n+V cos kn\pd\p.
i_l J«4 2 J-x/n Proof. Using (7), (9) and (11), we obtain
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use JJ* f(x0 + £, yo + n)Mdn = I Pn(x0, yo; r; 0) | f(x0, yo) ► Tin /» r sec ^-oo /t I n n r sec y w E pkn{akn cos + bkn sin knfapdpdip.
-ir/n 0 t=X Now (12) follows from the fact that sin 8 is an odd function, while cos 8 and sec 8 are even functions, of 8.
Areal mean-values
2.1. The real and imaginary parts of (x-\-iy)n are basic homogeneous harmonic polynomials of degree n in the variables x, y. We shall denote these polynomials by £zi,"(x, y) and Hz,n{x, y), respectively. Any homogeneous harmonic polynomial of degree n'm x, y is of the form aHi,n(x, y) + bH2,"(x, y) where a and b are constants.
Theorem
2. If /(x, y) is superficially summable in the interior of a finite domain D, and if n is a fixed integer, n = 3, then a necessary and sufficient condition that for each point (x0, yo) in D, the equation (13) Now (17) and (18) imply (14).
Sufficiency. If/(x, y) is of the form (14), then/(x, y) can be continued harmonically so as to be defined and harmonic in the entire x, y-plane. Now (13) follows from (12), (17) and (18). Theorem 7. If f{x, y) is summable on each Pn(x, y; r; <p) and on each pn(x, y\ r; <p) lying in a finite simply-connected domain D, where n is a fixed integer, w = 3, then a necessary and sufficient condition that for each point (xo, yo) in D, the equation hold for each pn(x, y; r; <p) in D is that f(x, y) be a harmonic polynomial of degree at most n -l.
Theorems 6 and 7 follow from Theorems 3 and 4, respectively, in the same way that Theorem 5 follows from Theorem 2.
3.3. Theorems 5, 6 and 7 are analogous to Theorems 2, 3 and 4, respectively. Similarly, we might give three theorems of the type of Theorem 1 which are analogous to Theorems 2, 3 and 4. We give the explicit statement of only the last of these:
Theorem 8. Iff(x, y) is continuous in a finite simply-connected domain D, then a necessary and sufficient condition that for each point (x0, yo) in D, the equation hold for each Pn(x0, yo', r;<p) lying in D, is thatf{x, y) be a harmonic polynomial of degree at most n -\. 
